We explore the bound of Trans-Planckian censorship conjecture on the inflation model with multiple stages. We show that if the first inflationary stage is responsible for the primordial perturbations at CMB window, the efolding number of each subsequent stage will be bounded by the energy scale of the first stage. This seems to imply that the lifetime of current accelerated expanding era (regarded as one of the multiple inflationary stages) might be a probe for distinguishing inflation from its alternatives. We also present a multi-stage inflation model in a landscape consisting of Anti-de Sitter vacua separated by the potential barriers.
Inflation [1] [2] [3] [4] , which sets the initial conditions of the hot Big Bang (BB) cosmology, is a popular paradigm for the early universe. The evolution of the universe must be implemented in a UV-complete effective field theory (EFT). It was argued in [5, 6] that such EFTs should satisfy the swampland conjectures. Also importantly, it was pointed out in [7, 8] that the length scales of fluctuations we observe today might be smaller than the Planck length in the inflationary phase if inflation lasts long enough, which is the so-called "trans-Planckian" problem.
Recently, a new swampland condition, i.e., the Trans-Planckian Censorship Conjecture (TCC), has been proposed in [9] , which states that the sub-Planckian fluctuations should never cross their Hubble scale to become classical, otherwise the corresponding EFT will belong to the swampland. It actually suggests that the "trans-Planckian" problem never happened in a UV-complete EFT. In other words, a cosmological model which suffers such a problem is in swampland. Requiring that the sub-Planckian perturbation will never have its length scale larger than the Hubble scale is equivalent to
in an expanding universe, where l P is the Planck length. The immediate implications of TCC for inflation, the early universe and other aspects in cosmology have been studied in
Refs. [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] .
According to TCC (1), inflation can only lasts for a limited efolding number
where the superscript "ini" and "end" represent the beginning and ending of this stage (i.e., inflation), respectively. Thus if TCC is correct, it is not sufficiently reasonable to set the initial state of the perturbation modes as the Bunch-Davis state, which is required for explaining the observations at the CMB window. However, as showed in Ref. [11] , a past-complete pre-inflation era can automatically prepare such initial states.
Furthermore, the TCC indicates that the energy scale of slow-roll inflation will reduce to H inf ∼ 0.1 GeV, which results in a tensor-to-scalar ratio r < 10 −30 at the CMB window, provided the radiation prevailed rapidly after inflation [10] . However, a non-standard postinflationary history, in particular that of a multi-stage inflation scenario, will alleviate this TCC constraint [14, 16, 17] and might push r up to r 10 −8 , see also the multi-stage warm inflation [21] . Therefore, it is interesting to investigate the cosmological scenarios with multi-stage inflation, see also earlier studies in, e.g., Refs. [26] [27] [28] . 1 The corresponding
EFTs should satisfy not only the TCC, but also other swampland conjectures [5, 6] .
In this paper, we explore the bound of TCC on the multi-stage inflation scenario and build a multi-stage inflation model in a landscape consisting of Anti-de Sitter (AdS) vacua.
Also, if TCC is correct, it seems that the lifetime of current accelerated expansion (as one stage of multi-stage inflation scenario) might be shorter than expected in Ref. [9] .
II. MULTI-STAGE INFLATION

A. Multi-stage inflation with TCC
Considering a multi-stage inflation scenario preceding the hot BB expansion, we set the Hubble parameter during the ith-stage of inflation as a constant H i . We will assume that after the ith-stage inflation, the decelerated expanding phase has the equation of state Fig. 1 for a sketch), hence we have a ∼ t 2 3(1+w i ) . Thus, the slope of
the Hubble radius will rise faster than the physical length scale.
The efolding number of a stage is defined as
We also set N = ln a end a ini , and hence haveÑ = N for H end = H ini . We will useÑ i (or N i ) to represent the efolding number of the ith-stage inflation andÑ w i (or N w i ) to represent that of the ith-stage decelerated expansion with
From Fig. 1 , we have the constraints on ln(H −1 /H −1 0 ) as follows. Constraint 1: The perturbation mode with its wavelength equal to the Planck length at the beginning of the 1st-stage inflation will never cross the Hubble horizon. As a result, the red line (i.e., ln Fig. 1 puts a lower bound on ln(
where 'min' represents the minimum throughout the history of the universe.
Constraint 2:
Assuming that the 1st-stage inflation is responsible for the primordial perturbations at the CMB window, which should not be polluted by the follow-on stages, we will have an upper bound (the black line in Fig. 1 
whereÑ CMB is the efolds of the CMB window, a end inf and a ini BB are evaluated at the end of the 1st-stage inflation and the beginning of the hot BB expansion, respectively.
Considering a multi-stage inflation with n > 1 stages, for the jth stage, we can write down the bound (4) put by the TCC as
where we have used ln(a j /a 0 ) − ln(a ini 1 /a 0 ) < ln(H −1 j /H −1 0 ) − ln(l P /H −1 0 ) (note the slope of the red line in Fig. 1 is 1 ) and H ini 1 H end 1 . We have set the Planck mass M P = l −1 P . Thus for n = 1, i.e., the single-stage inflation, we haveÑ 1 
which is consistent with the result in Refs. [9, 10] .
Based on (5) and (6), for the multi-stage inflation, the efolding number of the jth-stage inflation (j = 1) can be bounded as
for a end 1 < a < a 0 . Therefore, the lifetime of the jth-stage inflation is strictly bounded by the energy scale of the 1st-stage inflation and the width of the CMB window. Similarly, for a decelerated expanding stage, e.g., the stage marked by w j−1 , we have
for a end 1 < a < a 0 . Note thatÑ w j−1 < 0.
Therefore, if the TCC is correct and the 1st-stage inflation is responsible for the primordial perturbations at the CMB window, the efolding number that the jth stage (j = 1, no matter accelerated or decelerated) can last is bounded by the energy scale (or H 1 ) of the 1st-stage inflation.
B. Multi-stage inflation in AdS Landscape
The landscape consists of all EFTs with a consistent UV-completion, which might be from various compactifications of the string theory. Otherwise, the set of the corresponding EFTs is called the swampland. As the swampland criteria for EFTs, the distance conjecture [33, 34] have been proposed. Recently, many efforts on confronting the inflation scenario with the swampland conjectures have been made, see, e.g., [35] [36] [37] [38] [39] [40] [41] [42] [43] .
The multi-stage inflation model (in which a high-scale inflation is followed by many lowscale inflations) might be interesting, since it helps to alleviate the bound of TCC on the energy scale of inflation at CMB window. Provided that the string landscape mostly consists of AdS vacua, we might have such a multi-stage inflation model, see Fig. 2(a) . Each stage of slow-roll inflation only happened around the maxima of the potential barriers separated by AdS vacua (∆φ < M P for each V > 0 region). 2 Between the jth and (j + 1)th stages, the field will rapidly roll over an AdS vacuum.
As an illustrative example, we model the effective potential V eff (φ) as
which is similar to Fig. 2(a) , see also [47] , where Λ = const. > 0 makes the minima of the potential to be AdS, and V 0 , M and β are the positive constants as well, which set the amplitude, period and envelope curve of V eff (φ), respectively. The AdS potential (9) must satisfy the swampland distance conjecture as well as the de Sitter (or refined dS) conjecture.
Considering 1 − cos M √ V 0 φ = 0 and the AdS well has a width, we have ∆φ < 2π
See also the hilltop inflation [44] [45] [46] . 
Confronting the maxima of potential (9) (at which cos M
We will show the possibility of the multi-stage inflation in such an AdS landscape (9) .
We assume, for simplicity, that each-stage slow-roll inflation happened around one of the maxima of the potential (which is much larger than the depth of AdS well, i.e., V j inf
|Λ|)
and ended when inflaton rolls down the hill rapidly. When the jth-stage inflation ends, the potential energy V j inf will be thoroughly converted toφ 2 , so that the field can rapidly roll over an AdS well. During this era, which corresponds to w j 1, we haveφ ∼ a −3 and ρ φ ≈φ 2 /2 ∼ a −6 . According to 3M 2 P H 2 = ρ φ , we getφ ≈ 2/3M P /t. Note that this result is valid only ifφ 2 (t) |Λ|. After it rapidly rolls over the AdS well, the field must be able to slowly climb over the next maximum of the potential (φ 2 V j+1 inf ), so that the (j +1)th-stage inflation can happen. During the periodφ 2 |V eff |, the shift of φ is approximately
Base on the above analysis, we have the ratio between the potential energy of the (j + 1)th and jth-stages
Therefore, the AdS landscape (9) is viable for the multi-stage inflation. Actually, from (9) and (13), we find β
We plot the evolution of the background (the Hubble parameter) with the AdS potential (9) in Fig. 2(b) , which clearly is a multi-stage inflation. The parameters V 0 , M , β and Λ used in Fig. 2(b) satisfy the bounds (10) and (11 current universe has been fixed by the property of primordial inflation, rather than that of DE itself.
It is also possible that the origin of the primordial perturbation consistent with the observations is attributed to alternatives to inflation (e.g., [49] [50] [51] [52] [53] ). It is interesting to see what will happen toÑ DE with these alternatives. Considering a nonsingular bouncing scenario, we have a min = a b , where a b is evaluated at the bounce point. According to (4), assuming that the universe will start to hot-BB-like expand immediately after the bounce (i.e., a b ≈ a ini BB ), we havẽ
whereÑ BB = ln
< 0 is the efolding number of the hot BB evolution before the DE era. Here, (16) is applicable no matter the scenario is ekpyrosis [49] or matter bounce [50] . Also, for the slow expansion scenario (in which the expansion is ultra-slow with = −Ḣ/H 2 −1 before the hot BB evolution) [52, 53] , the result is similar. Therefore, if the universe reheated rapidly after the end of inflation or its alternatives, such that H end inf = H ini BB , and also experienced the same hot BB expansion, we will see that the DE era in inflation scenario will last much shorter than that in alternatives to inflation. This is because the bound of TCC on inflation is much tighter than that on its alternatives, as pointed out in Ref. [10] . Interestingly, if the TCC is correct, the lifetime of DE era might be a probe for distinguishing different possibilities of the origins of the universe.
IV. DISCUSSION
As one possible criteria of consistent EFTs, the TCC has set an upper bound on the energy scale of inflation, which renders r at CMB window negligibly small. Recently, the implications of TCC for inflation has inspired the study for the multi-stage inflation.
We show that if the TCC is correct and the first-stage inflation is responsible for the primordial perturbations at the CMB window, the efolding number that the jth stage (j = 1) is able to last will be bounded by the energy scale of the first-stage inflation. Regarding the DE era as one stage of the multi-stage inflation scenario, we point out that in the inflation scenario the lifetime of current DE era is far smaller than expected, which might be a probe for distinguishing inflation from its alternatives. Our result might also has potential constraints on EFTs of DE. Relevant issues will be interesting for future study.
Provided that the landscape of EFTs mostly consists of AdS vacua, we present a multistage inflation model in AdS landscape (with AdS vacua separated by the barriers V > 0).
Each inflationary stage only happened around the maxima of the potential barriers. The field will rapidly roll over an AdS vacuum between two stages. Such a model naturally satisfies all swampland conjectures. Note that the AdS potential is also present in pastcomplete pre-inflation stage [11] . Thus, if the TCC is correct, the issues related to the early universe and DE (especially in AdS landscape) will be worthy of further exploration.
